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ABSTRACT 
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toi. sadsoineters 3s carried out, lhe expression tor the heat balance 


A theorelicai analysis of the thermal behaviwr of water-cooled init 


in the Laireuwlar 101] of the radiometer is: 
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Tue steady state aelutron, 7, t - G, subject to certain boundary 


conditions, yie.ds ine thermal] sensitivity: @ q - R°/ 4egu (----— — . 
° ¥ + Cs Chat SEC 


Thais reieationship when appiued ‘9 the three radiometers is, common 

use at NRDL indicates that they operale sineariy over their eatiie 
fanges {ute itv, uv te 5G, and b tu luu Ca.; Gin?) wath a maximum, error 

of 2 percent when maximum irradiance is incicent on Me tor, Consicer~ 


ng k constant, the heat balance equaiinon becumes: 
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Soiving, subject to the same boundary Cungilions, Dy Medns vl ine 
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ied place Transfurnetion, an expressiwu bur yvactiun lime repasta. 


ysesds reaction iumes of OU. Glo, G.Ul4, and ¥. Uld pec. re shnectively. 


» Applyong this retatianehin to the three NRDL instruments 
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The Probiem 


High intensity beams of therma. radiation us a function oF fame 
have, in recent years, beer measured throughs the use of thin fusi 
radiometers. One of the principles of operation of these instruments 
has been that a heal sink an the unstrument remains at a constant 
termperature throughout the mcaauriincid vi « ihermas: Giga. ine thas 
foul changes in temperature and hence measures the fiux. However, 
tae believed that in actus: jie.d teats anvoivang Aigh an.enaat, thermal 


radiation, the hect s.nk does noi remain ata constant temperature. 


Fr inuing s 


The present study is a theureticas analysis of che thern al hehasior 
Ql Bw waterscuvied radiometer with parliiuiar consideration pen te 
(i) the steady state senaitivity of the thin farsi and (2) the reaction tame 
al the fou (time lo come lo 4 percent co: Steady stale tenspe rature 
above ats beat wank alter onset or irraciances, Tne three radiometers 
in common vee at NKROL (1) operate isnear.v over thear en’ .re ranges 
(uta tl, Gro Su, or & to 200 Cay cm’) with a maximum error of lesa 
thon ¢ nercent WhRER MS! Us AP TaGia ace te tciGent en Une fol and 


« 
(2) have reaction umes of 6. G)e, 6.004 and UO. Led aen., reapectively, 


ADPGNISTRATIVG DOVPCRMATIGCS 


X. BACKGROUND OF WORK 


uring FY lyd., the U. S. NMavai Radioisgival Leferse Labcratcury was giver 
the reeponsibility by tae Armed rorces vpecieal Weapons PrcSectt to deveiop 
inatrumestation for measuring we irradiances ad therma. exposures for nuclear 
detouoations. The field radiometer tbat wae deveiroped under this progres wae 
fined inadequate fcr laooratory Beasuremeanits. she need for a reliable instru- 
mec. {or metsuriug Lhe apot distrtbution of therma: irradlecce in we focal 


oe -- & 


piace wes managatcrm “or tie successfur pivéei tick 7 latcratory- type proeranws. 


The veter-cooles rediometer was ther conceived and develowed by the Therm: 
reviiatior Stulies (now Thermal medieatius Jrasch,, Nucleorica Blviaion, Scleotific 
Department, in epproximately Octoder i951 for the prigery purpoas cf coctinually 
moctworing the W-I@ 35 thermal sovrce. Juosequest Jevelcpmects of «the veter- 
ovsied rediometar lai lo fatriceation «©? improved water-cocled redicmeters 
Seaigued fur determining ibe 4p. distlitecdoa 25 the NEL Se" and malifies 
Mitchell t‘:ermmi sources capabie -f simulating therme. prises >: weed cy a 
nuclear detonation The " and Mitche’l thermal sources are capable of pr-- 
ducing a rege of exergy levels from 18 “pot diameter at approxigwtely 
1X .al/ cae /sec art ao range fr_z ly CNaee ae er hoes a 6 ae tee 
frow 26 cal/cw jeec tu: id eee The water-cucied redioue ter has been, 
utilized as a secontéary standani lo the calid.etion cf tne WRIX thermai sources. 


Water-  coled radcicmeters have veeo MEVOLE PECs fabriceve eu walitoates by 
tule laberutory for use ty virtuall, aii ‘epa:tmest of Defe>s.s Urganizationa 
that are engaged in the caiibratiz. of thermml sources end go.er furneces. 


This repurt ip weocer ed with a refinemei fF wie lLheoretica: anaijzc..8 of 
toe rediometer fer botnm tne steedy aud trmusient atates Tor the maourtcmcct US 
thersal irrediancce. 


Il. AUGHORIZATION AND FUNDING 


The work discussed in this report was initially sponsored by the Bureau 
of Ships, under Project Nuaber NO-O51-UL, entitled “ihe Effects of Atomic 
Wereheads and Rediolowtoal Shielding,” Suttask 5.4, epartment of Laboratory 
Sources of Thermal Radiation, ” Technical Qujective AW-7. Financial support 


support of this type of program has been continuously fumded by the Armed Forces 
Special Weapon: Project. 


ITT. iSCHIPTION OF wank 


Te vork reported hereia ls concerned with the application of the TaPlace 
Traosformetion Theory to the solution of the transzieut Heat Flow Problem. The 
sc.utiaogs to the problem give a mecuure of the sensitivity of the vater-cocied 
Teiicm@eter ic veime of its physical dimension as well as the response time 
Taguized to seach OC percent of the steady state conditioc. 


INTRODUCTION | 


Thin foal radiometers fur the measuremcui of high intensity beams of 
thermal radiation as a flunet.cn of time ha.e come into increasing use 

in the determination of the flux from soar furnaces and nuclear 
detonations, as weli us from labutatory sources of nigh. intensily 

thermai radiation. One such type of instrument is ahown in Fig. i, it 
consists basicasly of a thin foil mounted over «a nole ir a heat sink whasi, 
t@ maintained dl a constant temperature by a vifcuiating Stream of water, 
one temperature iitferential between the center and the edge of the fo.: 
169 aA meas ire of the incident tiux., This temperature dallerential is 
measecred by meus of a giiver-conS8tarntan thermocospie which generates 
an electrical vollegy Corresponcing .o the temperature ditterential 
deve.oped, Another type oi foi. radiomeier, deve.oped particularly, for 
use in ficid tests, is provided with a large copper block for a heat s11.k 
having no wales Cousaig SyBtern.. The relative.y iarge thermal capacity 
o; the copper block tends to mainiain the temmperatcere of the sink constant 
with respectio that of the foil when the incident irradiance 18 HOt al tou 
high a leveis. However, it ts believed that in actua! fieid tests invosvaing 
high intensity therimai radiation, e.g... muclear weapons tests, the tem- 
per.ture of the copper block Gores hot, an fact, remain constent, This 
provides a source of error whicnis difficult to estimate. 


i. the present study a theoretical snaiysis of the thermic] behavior of an 
Instrument of the wuater-couled type is undertaken in Which particular 
F considerution ts given tothe steady state sensitivity and tu the reaction 
a tamie, which Jur present purposes is delined as the time for the fori to 
come to 90 percent of ite full steady state temperature above that of the 


Ve sink alter the onset of irradiance, Any effects on the performance of the 
Ae instrusnent due to the reaction of the thermocouple are entirely neglected. 
—— However, it is noted that these effects may not be negligible, and hence 


the actual performance of any instrument of the type discussed may 
differ somewhat from ita performance herein predicted. 


-Consider a circular foil of thickness, d, and radius, R, which is in 
contact at its circumference with a large heat sink supposedly maintained 
at a canatant temperature, Tg. This assumption represents quite 
accurately the physical situation existing in radiometers of the 
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Fay. |. Thin fosl ragiometer for measurement ol b igh intens 
Ob therma: rediation as * frmelions ab tame. 
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Tre foil is assumed to absorb thermal radiation of 


water-cooied type. 
Ta 


intensity, q. un oné face, bepinrning at a particular instant of time, 
obtain the differential equation for the temperature at any point in the 


foi. itis necessary to consicer the heet balance for an elemental ring 
af she t5;! wn atoewenti mt warns r srt savrdth Lr &&@ chawn in Rao 2 
7 $6 a S'eRAatY € FUR We 9 82 4h Fe ee 4g » & seat ames pg Me | 8 — hf, de =e es “st eee 


Neglecting any temperature gradient between laces of the foil, as well 
as Neat 'oSses8 trom eitiier face, the heat baiance for the elemental ring 


can be expressed by the tollowarg equation’ 
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Here ij 16 ford tetmpe raiure “to pedsus. r., thick.ess, d. and time, t, measured 
from, the instant at which irradiatio: begina, Kis the trermal conductivity 
of the foal material, O is its cers.iy, ands the specific heat. Equation -', 


atamately simpi.fies to 


2 {3+)- —~ 9), 4 @. oO: : 
K 7: 4 a) r Or ke: k 68: 
r Date gaa, Ore es he ; $F. MEX | 8 fete t feo the bowndary ~ond.i3o01.3 
Pt Teak 2s. Deo aad es 
T = I. at r = R, for wo. ig, 


PENSITIV ITY 


To discuss the sensitivity of & cirecuiar fort radiometer, we need consider 
oniy the steady stale solution to Eq (2;, 1.¢., the soiution ior which 


or ‘el ae suLjyeci te tice aU pew es hee ie ki cele wuts \@ j. ti we allow lur 
variation of thermal couductuvaity eccording to the relation, 
oe eee ee . (5) 
then with OT/at = 0. Eq (2) becomes 
d av} 1 +aT dT q 
w~———{/l +4 T) + — + ome} (6) 
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Fig. oche matic diagram of thin foil mounted over a hole ina 
heat sine. zor analysis of heat baiance, an elementai ring of 
foil materiai of redius rand width éFr is coasidered. 
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Upon two integrations, the general solution is found to be 


“2 Pd ; 
wl ae - C, log .¥ + C2 , (8) 


ave arbitrary constants, Since | canneat became 


J, we must specaly that C, = 0. 
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The constent Cz may now be evaluated bv impesing the condition that 
T = 7 ater R, twe., Eq (4). Thus, 


a 2 
C. = T 2 al + a Us ; (9) 
~ o Z 4k 


and the required sleacy state solution is 


1 = cy! ive lo: - pa a ihe — r*) . : {10) 


Defining & to be the difference between the steady-state temperature af 
the center of the fuosi and tnal of cts carcumterence, we then have 


&-i- iv, at r : . (11) 


and from (id}, 
i - —_ : é + - a 
a 0) 4k c 


This carn also be written as 


'd a chi? 
afi - at. +4 aa (13) 


Also, if we put 
: _ To +7 
eae Sogo (14) 


then T_ is the arithmetic mean ot T and T, the temperature at the 


center, ande£g {12} can oe wrilten as 


; Re. 
ait etm| = (15) 


Equation (12}, or the alternative turmy (13) or (15), defines the 
sensitivity of a circular foil radiomicicy in terms of the temperature 
difference 4 produced by radiation of intensity gy. Thus from (13) 


é 
Sensitivity = a eg ee ee | | (16) 


Clearly &is notin general a linear fanciion of q unless a = 0, in which 
case there is no variation of thermal conductivity with temperature, 
Also it is evident that the sensitivity is dependent upun T,, the temper-~ 
ature cr the sink, as well us upon q untess at &. This scems to have 
been cverlovked in Gardon & Analysis’ 


Te orvesisgate more priciacly ihe dependence of &@ on buth 4g anu Ty. we 
tyust exantine the appropriate solutuon to Eq i) 5). Sauer Eg (id) is a 
Gaadratic in &. there will be two roots of which onli one ix of physical 
interestin the present discussion, Writ.ng Eq ilj} in the lyrin: 


0 4 
erg 
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where q' stands for gkR*, nial we j.nd iur the two roots of (17) 


i} 
~w 4 rw} 2 eee Ce ae a, Mia cay 
rr 
Physicai .ans:eeraliuns lead us to retain oniy that rugt., @., 0. #torm the 


positive signs tu te haken Deture the rad. ef, this being the aniv cout 
whach reduces to zvry for q: 0. 

Introdacing the series’ expans.oun of the radical and Glitwatyay retaining 
only terms of the first power 4 the armdsc Guaentities aT and ac’, we 
astain the reaail. 


. . ot 
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trom which the eifevis on & of sar ations wn T) and G wan be cari-y 
ascertosned, 


At this po.nt .t wits be advantapeoss lo GisCuss a Speashig mutieria si 

exampie. A common cnstrumeat sic use by the Thermal Kaviation branch 

at NRDL is the HW-ic.w radiometer. This .s a4 water-suvled, silver fail 
instrument desigsed tures r the range Ut g $ 100 Usifem@ssec, For 

this anetirumieni Roe C.)es cm and d- U.Ub254 em. The salues of Ko and 

a as ate in the iernatonal Craiticui Tubies wie kg ° 1.003 Carre. “ReCe We 
anda--j.7 x ig poe which are vahd en the leniperature range Q- ico? Cc. 
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For this case we then have: 
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qos oa - esr x el eee - 1,59q, (21) 
dikod (4) (a. UI) {. uue54) 
4 


and eee Ua Bopi te S9)cc lu "ee = 1.25 x it7*g. (22) 


Thus, a Coren tu Bys :i%) and (64; « chanye in the sink temp-rature, To, 


from 0? C te 1UU' SC weuid oniy pruduce a Change in O, ot 1.7 percent, 


eiowever, assuming the -alve of a to remain about the same for migher 


temperatures, an increase of FE, tu it Guy could result in as much as 
t7 percent change .n &. tor the Saie vaiue v; = This 18 an important 
fact to keep in mind when using fos 
amoient te-nperatures. 
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Equaticn (19) indicates that GO, :8 4 quadratic cquation 1. Gg, “wien first 
otder termnm in O6q are retitinesc. Howe-er, accoruing to Eg icé), the 
departure from iinearity for the KW-IvLU radiometer is only 1,35 percent 
when q ha4 its maximun. .alue of Lit Ca. -om?. sec. For wawer values 


of q the quadrats tern. is ol even ures itmpurtance. 


Summarizing, «we may say that the RW- 2... radiometer uperates sinearcy 
over ite entire range of v-Iul Gassem®. sce with a maximum error oul 
iess than 2 percent wien ManxinwumMm irradsance *S tncace.st on the fuss. 
With regard to the sink tempe Tatarey i yy at has be cb Ashuws, that warlstonrs 
WN Ty Ul ae such we ee. Gon the range ui Ueitu? wai. produce ciianges 
in 4. ws. lesa than ¢ percent, 


The RW. and RW-5t are two wther raGiometers in use by the 
Thermal Radiation Branch at NRDI, designed to cover the ranges 
G$qt iG, and F q * 56 Gassem*- sec, respectivery. Like the 


RW luv ihey are both water: ooled, siiver toil instruments, tor which 
Ee - (284 cmendd - eubll? cm tor the RW-1U, and Ro ULI! T Cu and 
« = G.Gul2écm tor the RW-5l, As in the case of the RW-100 it can 

be shown that both the RW-1]0 and RW-50 radiometers operate linearly 
over their entire ranges of irradiance with a maximum error of iegs 

than 2 percent when the irradiance is a maximum. The effect of Ty is, 
of course, the same as for the QW-10U since this effect is independent 


ol BR. d, or q, and depends only ona. 


In Table i the lintar sensitivity ior the three above-mentioned instruments 


is listed together with the maximum percent error at full scale operation 
due to the effect of non-linearity. 


It should be noted that the present discussion has vuritied any discussion 
of the effectc of non-linearity in.the thermocuuples used for measuring 
the temsperatere difference &,. Actually, the output of these instruments 
is a thermocouple voltage, which voll reflect the nen-linearity of the 
thermocouple a5 weli as that of the radiometer oteelf. Aliso, the sink 
termmperature;T os will affect the operation of the thermucouple to 4 certain 
extent. It shuld therefore not be expected that the tivesured periormance 
‘of these instresients will conlurm exaciiv lo the figures piven above and in 
Table 1. 


Table i 


Senartivaties and Keactien Tames oi Trvee Radigineters 


aoe 


Instrument 
__Factor RW-10 — — RW-5u RW «10 
H (urn; O, 054 ae eer “ied 
dicm) Uuules 0. GO127 u. GO254 
Ky {cgs} : b, wid s.uecl r,tal 
Arg: RP aga (-.—---=—-) L. ay ae Pe. bx 
cigs ey 2 ee 1, 35 
T (ee, UO. ule u. Lud LU, ul4 


ee ee - es aw «om ot epee mieten apie = 


€ . maximum percent error at fuil scalic due to noneiuncarity, 


"C: tame te reach Yu percent of lub: varuc. 


SPEED CF RESPONSE 


To determine the speed of respuner of a carcular foil radiometer by 
analytic methods we require the seluhoun lo Eq (2) tur the linse-dependent 
case. Hf it be assumed that k je independent of 1, :.¢.. that a = 0, it ts 
not hard to find the tame-dependen! solution to Eq (2) which satisfies (3) 
and (43, The assumption of constent k should actually make little 
diffexence in the determination of the reaponse time, 
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With the assumption of k constant, Eq (2) reduces to 


2 , | 2 
ae + cm ot 4 a: me = me ae ‘ . : (23) 
ar? r @r kd x at " 
k 
where & At 


which is to be solved subject to Eqs (3) and (4). 


The solution can. conveniently be carried out by means af the Laplace 
Transiormation. 


Before proceeding “ith this, however, at will facilitate matters to 
introduce the new variable ©, delined as 


6 -T=— to. aa 
Thus 6 will satisfy Eg (23). as weil as the boundary conditions 


> U, atr = R, tg, (25 


6 
aug o =< 0, att =: 0, for all r. : (20) 


Appiying the Laplace transformation to the variable 6, and defining 


0 - Le) p Pde. (27) 
0 
the subsidiary equations for 6 are 
ema = 
t 8 -_ 
Gee ie Lene a eee: {28} 
ar r Or pkd 
A 
with the conditaon that 
@ = 0, atr=R. (30) 
The general solution to Eq (28) is 
6 = Aljsr) + BKo(sr) + ~-— (31) 
piecd 


where A and Bare » arbitrary constants, aid I, (sv) and K,(sr) are 

modiiied Dessei functions. Since Ky(sr)—rwas r—>O, it is clear 
that we must put B= 0. The constant A can then be determined by 
. imposing the condition expressed in Eq (30), iie., 


 Alg(#R) ‘For 2 0. 7 _ (32) 


Hence the desired solution is 


gree Sd fe, dels (33) 
pped lo (sR) 
> laenca ek 
Sedin mo ‘ 


7 : ee ome 
To find @, we nom take the inverse Laplace Transtorm (Lb ; 01 9. Thus 


r ‘ 
oc ee ie =e ene ears OA —— stos 32) ¢ , 44, 
prod pe} aed Po OT ta) 
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Fram any vable of Laplace transforms 
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and by the caomplea onversion theorem 
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fhe integrand in bq tio: is singie salued function of Mover tne entire 


complex Aplane. iherefure, sfocern Be evacaten hy finding the residues 


atthe poles. Examination siioes that inere :5 a Gouble poie at A- vu, 
and simple poles at the zeros of lbw le 


where 


($y 


To find the residue at the pule A- G, use the power series for tne Bessei 
functions, 1.¢., ro 
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vay ep late ar) ee 
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mld om. T° vem) 
and tor W¥: Othis reduces to 
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| NWfeuryt (1/2 wr)? 


ae wei heie ee COT ine 
rn ~ fo" -- - 2 
Since the rerag St ig(s) are a 


ii on tig We gave teal axis and poks 4, tha. 2. Logsr) is analytic ad 
any half plane to uke right of but aot includiag the origin. P* ToG Ry 
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Thus, near A = 0, assuming R >r, the integrand looks like 


£42 3 
(4 Ate Ax + At a, +r, we, ser } 


= an a 
ye 
x wR yt.s 
1 ‘ *< a rs ews 
4 b4 
i a ls » L- uw? R? ~— r* 
ee TT te at +e Oe Oe ee Ee + U(ut} +..-), 
A ou a 
ee 
= ee 8 (== -1] + hagher le rms an yD 
~ A 44 


Thus, the residue at A: Os 


R? .~ r? 
42 
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Toe this must be added whe contributions irom the remaining poles at the 
zeros of Io luk}, 1,¢., at KR- ~& P where Pe are the roots (aj) real) of 


TAR 48 Oe 


Since theye are aii simpite poies, ths reaidues wiii Le given by 
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Using the lact that 


Skiff] > Sg iBar}. 
2; (3 Bar) = tJy (Bur) > 


this becorn2@a. 


_ = Joy (Bn) e"* Bit 
Re é Y BAI, BAR) ; 


where J, and . a ordinary Bessel functions. 
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We then have the result that 
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Thus, from Equation ae 
@0 


Ré.r¢ ; Jo( Baur} 
noes q Oe all 9 n eet : (38). 
kd 4 R i BE Jy (Bo Rj n 
nel 
For very large t the exponentisl terma may be disregarded, and 6 
reduces to the steady state value 
Rear? 
Geir y= ; » 8 teeny CO. (39) 


This agrees with Eq (19) when a.- 0 and 6 is put equalito T- T5 


For large t, atr = @, Equation (38) reauces to" 
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* sinee J(0) => $ and since all the terns in the summation may be neglected compared to the frat for very 
hase t. 
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Using tables of Bessel functions, we find 


C, R = 2.405 e 


4, (AR) = 0.519 ; 


and, therefore, 
ee SE ~(2. 405) tf RE 


I, ie c * (42} 


To tind the tame T for the ceufler oF the carculbar foil radiumeter toreacha temperature 


within {0 percent of its steady state iemperature, put (@- 9)/6, equal 


to lu?! an Eq (42), i.e., 


and taking lO, 5 of both sides, 
; S) g\2 
an i = log, (edd) ~ SiaiAL longi gt + 


or 
} Attia 3 
AT Riv! 
: (2. 4u5)* OB ye . (43) 
1453 
= al ee foe 0,416 n 
15, 784){ 0.4343) } 
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in Garden's analysis, previously referred tu, an approximate exponential 
soluuon for the time-dependent problem ts oble.ned which yields a 


kK 


corresponding to a value of 


ee pe a ft PY 
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From this it follows that a value of 


Q,.575)R° 
a: a es 
: & 


is required for @ to be within 10 percent of its steady state value, i.¢., for. 


o - @ 
& 
w= = Q.10. 


“s 


However, ihe more rigorous solution dorived above indicates 4 somewhat: 
faster approach to the steacy state since it has been showr that when 

Eq (44) is satisfied, 8 is very nearly within 10 percent of its steady state 
value, 


Actually, the rigorous sclution to the time-dependent problem, given il. 
Eq (38) shows that, in general, 6 does not have a simple exponential time 
dependence. but anly approaches an exponential behavior tur large values 
of the time. It can be shown that the large tame approximation is vali, 
with negligibie error, for computing the reaction Gime T ap we have Gure, 


Using Eq (44), the values of the reaction time T required tu reach 

90 percent of full value nave Dern calculated for each of the threc 
instrumenta already discussed. Tneae values are inciuded in Tabie :. 
The value of the diffusivity, € . of silver wus cornputed from the bas:¢ 
definition £= k/jOc, where k = 1.001 Calsem. sec. C, P- 10.45 amy;cc, 
and c = 0.057 Cal/gm-°C. 
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